CLEAR IJRMST

Vol-02, No-03

Jan-June 2012

Eigen Values of an Interval Matrix

G. Veeramalai

Assistant Professor, Dept.of Mathematics, Annai Mathammal Sheela Engineering College,
Erumapatty, Namakkal (Dist), Tamilnadu-637 013

Abstract

In this paper, we propose a new method to compute the Eigen values of an interval Matrix based
on the modified interval arithmetic. We introduce the notions of determinant, characteristic equation

and Eigen values of an interval matrix.
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1. INTRODUCTION

It is well known, that matrices play major
role in various areas such as Mathematics,
statistics, Physics, Engineering and technology,
social sciences and many others. In real life, due
to the inevitable measurement inaccuracy, we do
not know the exact values of the measured
guantities; we know, at best, the intervals of

Leta =[a,,a,|={x:a, <x<a,;xeR}

possible values. Consequently, we cannot
successfully use traditional classical matrices and
hence the use of interval matrices is more
appropriate.

In this paper, we propose a new method for
finding the Eigen values of an interval matrix
which in turn helps us to solve system of linear
interval equations in a better way[5].

If a =a, =a, =a,then a= [al,az]: a is a real number (or a degenerate interval).

We shall use the

terms interval and interval number interchangeably. We use IR to denote the set of all interval
numbers on the real line R. The mid-point and width (or half-width) of an interval number

a =|a,,a, | are defined as m(a) = (%) and W(3) = (%)

1.1 INTERVAL ARITHMETIC

We recall a new type of arithmetic operations on interval numbers introduced in [2]: For X = [xl, X, ]

vy =[v,,y,] and for * e {+,—,x,+}

We define X =¥ = [(m(X) *m(y) —k), (m(X) *m(Y) +k)]

Where k =min[(m(%) *m(§) - ), (8-m(x) *m(¥))]
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Where « and £ are the end point of the interval X oy under the existing interval arithmetic.

In particular,

i. Addition
X*’)7:[)(1"')(2]*'[)/14')/2]
= m(X)+m(y) -k, m(X)+m(y)+k |

Wherek = {(yz + %) — (Y, + Xl)}
2

ii. Subtraction

i'y:[xﬁxz]_[yﬁyz]
= (%) - m() —k, m(X)+m(F)+k }Where k = {(yz X)) = (Y + Xl)}

2
iii. Multiplication
Ky =7 =[x, y,)
= {mE)m(¥) -k, mE)m(y)+k |
Where k = min[(mx)m(y) - a),(8 -m@)m())Jwhere & =MIN (X1Y1,% Y2, X, Y1 X2Y2) \where

ﬂ: max(xlyl,xlyz,xzyl,xzyz)

iv. Inverse

Where k=min 1()(2_)(1),1[“],} &
LINtX) X {%tX

[Ax,, A%, | ford >0

From iii. It is clear that AX =
[2x,, A%, ] fori <0
It is to be noted that we use o to denote the existing interval arithmetic and = to denote the
modified interval arithmetic. But wherever there is no confusion we use the same notation for both the
cases.

It is also to be noted thatioygi*y{Xoy/Xgi,ygy} whereoe{®,®,0,0 | is

the existing interval arithmetic.
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For example: If X =[-1,2] and ¥ =[3,5] ,then X ® ¥ =[-1,2]®[3,5]

= [min (-3-5,6,10 ), max (~3,-5,6,10)

and  X.y =Xy =[-12][3,5]=[-59]s0 that

2. PRELIMINARY NOTES
2.1 DEFINITION OF INTERVAL MATRIX

An interval matrix A is a matrix whose elements are interval numbers. An interval matrix A

18y, - -8y
a21 a‘22 e a2n

will be writtenas A =|. = () 1<i<m 1< j<n
_aml am2 "'amn a

Where each &; = [.:-_1”. ,ﬁijj or A= [ Aﬂ] for some A, Asatisfying A< A.

We use Dm Xn to denote the set of all (m X n) interval matrixes.
2.2 THE MIDPOINT INTERVAL MATRIX

The midpoint (center) of an interval matrix A is the matrix of midpoints of its interval
m(all) m(alZ) ' "m(aln)

_ m(azl) m(§22) e m(aZH)
elements defined as m(A) = .

_m(aml) m(amz) m(amn) i

The width of an interval matrix A is the matrix of width of its interval elements defined as
(@) wW(d,) .. .w(E,)
W(@,,) W(8y,) - - W(&,,)

W(/&) =|. which always non negative.

_W(aml) W(amz ) " 'W(amn ) i
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2.3 NULL INTERVAL MATRIX

and Oto denote the null interval matrix

0 O..... 0
o O ... o
O O ........ o
O O..coo... o

2.4 IDENTITY INTERVAL MATRIX

I 0. ..0 ~
We use | to denote the identity matrix | o o | and 1 to denote the identity interval matrix

ol =i
=10
o

l
l
l

2.5 EQUIVALENT INTERVAL MATRIX

If m(,&) = m(g) then the interval matrices A and B are said to be equivalent and is
denoted by A~B

In particular if m(,&) = m(I§) and W(,Z\) = w(I§) , then A~B
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2.6 ZERO INTERVAL MATRIX

If m(;&) =0, then we say that A is a zero interval matrix. In particular

[0,0] [0,0] .. ..[0,0]

if m(A) = 0and w(A) =0, then - |20 [0.0].-[0.0]

hq [0,0].......[0,0]
2.7 NON-ZERO INTERVAL MATRIX
[To,0] [0,0] .. ..J0,0]]

It m(A) =0and w(A) =0, then - _ F0,0] 0.0]......[0,0]

Q
ol

_hq [0,0].......[0,0]]

A = a(i.e. A is not equivalent to 0 ), then A is said to be a non-zero interval matrix.

2.8 IDENTITY INTERVAL MATRIX
If m(,&) = |, then we say that A isa identity interval matrix. In particular

[11] [o,0] .. ..[0,0]]

If m(A) =1 and w(A) =0, then [0,0] 1] ......[o,0]

0.0] [0.0).....fu1] ]

If m(ﬂ):Oand W(,&);to,then A=|.

2.9 THE ARITHMETIC OPERATIONS ON INTERVAL MATRICES

We define the arithmetic operations on interval matrices as follows.
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If ABeD™", & eD"and @ eD
i. A+B=(3, +h

ing (aij _Eij)léism, I<j<n, If'& # g

i a A= (05 a, i )Jsism, <j<n,
+

|j):lsi§m,:lsjsn,

i.  A-B={. e

A-dual(A)=0=0,ifA=B
iv. AB = (Zizlaikbkj )]sism, I<j<n,
v. AX = (D, 8 X)icien,

3. MAIN RESULTS: EIGEN VALUES OF AN INTERVAL MATRIX
3.1 DETERMINANT OF AN INTERVAL MATRIX

We define the determinant of a square interval as in the case of real square matrix except that
the determinant of an interval matrix is an interval number.

That is det A = ‘A‘ =>a,A,
Where Z\ij is the cofactor of & with usual meaning.

It is easy to see that most of the properties of determinants of interval matrices are hold good for the
determinants of interval matrices under the modified interval arithmetic.

Example:1
A=[aAl=[L2] [34]
o A=lAA {[—9,11 [s,mﬂ
=~ [L2]  [34]
e A6
=[1.2][810]-[-91][3.4]
=[8.19]-[-32,4]
=[4,51]
Example:2
»_[l02] [3]
[l
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7-0d bl

Then [3’5] [5’7

_[02][5.7]-[L3][35]
:[_ 3’9]
3.2 CHARACTERISTIC EQUATION

Consider the linear transformation \7 = ,&)Z

Xl
X,
In general, this transformation transforms a column vector X =|. |in to another column vector
X,
Y1
Y,
Y = by means of the square interval matrix A
L Yn
a'll a'12 aln
a'Zl a'22 a'2n
Where A =
_anl a'n2 : : ann_

If a vector X is transformed into a scalar multiple of the same vector

(i.e) X is transformed in to AX , then Y = AX = AX

(i.e) AX = AX = AIX where 1 is the unit interval matrix of order n
AX - AIX =0
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(A-A1X =0

................... (D
all alZ élﬂ | 0 0
4 Ay i, 0 1 0
-
anl an? énn 0 0
K, 0
i 0
X, 0
511 -4 &y ay, i1 0
8y 8y, ~ A Ay Xy 0
é‘nl é‘n2 é‘nn - /1_ _in 0
(an _/I)Xl Tkt . ‘ X, =0
gkt (- A+ . Ag, X =0
4yt 8kt L ()

511_/1 512 ' ' 51n 9
éi21 é‘22 -4 ' 'aZn 0
= = 0
g, o ) I 3)
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The equation ‘A—ﬂ.l ‘ = Oor the equation (3) is said to be the characteristic equation of the

transform or the characteristic equation of the matrix A.

Solving‘A—/ll ‘ =0, we get n roots for A, these roots are called the characteristic roots or

Eigen values.

Note
If )Zr be the non-zero vector satisfying AX — X

When 1 = ﬂtr , )Zr is said to be the Eigen vector or latent values of the matrix ,&corresponding to /Tr

3.3 Working Rule to find Characteristic equation

Method 1
a'll a12 al3
Let A=|a,, @,  a,| bea3X3matrix
a‘3l a‘32 a‘33 3X3

Then the characteristic equation is ‘A — /ﬂ =0

Method 2
2 X 2 Matrixes
Y éTl:L 5‘.‘12
Let us assume 2X 2 matrix A =| _ _
aZl a'22
If A is a square matrix of order 2, then its characteristic equation can be written as

22-DA +D, =0

Where D, =sum of the main diagonal interval elements=a,, + a,,

a;
a

Rl
N

52 =Determinant value of A =W =

)
N
N

21
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Let A=|a,, a,, a,; | be a 3X3 matrix, and then its characteristic equation can be written as

AR -DA+D,A -D, =0

Where D, =sum of the main diagonal interval elements=a,, +a,, + a,

D, =sum of the minors diagonal interval elements

D

a31 33

32 a33
D, =Determinant value of A
a11 a12 a13

‘A‘ =8y ay, Ay
s ;) ay3

Example to find the characteristic equation

[1.2] BHJ

Let us consider the interval matrix
h—aﬂ [8.10

The characteristic equation of the interval matrix ‘A— Al ‘ =

A1

[1.2] BMJ

[-94] [810

.2]}810]-[-91][34]

[819]-[-32,4] =[451]
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_ {137 157} 4 51]
=0

The characteristic equation of the interval matrix‘,& — /ﬂ 14 14

Il
OI

Eigen values in interval matrix.

Let A= [ﬁij ]be a square matrix.
The characteristic equation of the interval matrix A is‘A - /1I~‘ =0=0.

The roots of the characteristic equation are called Eigen values of A

Example to find the Eigen values of an interval matrix

Let us consider the interval matrix ,& is

{[0,2] [1,3]}

[35] [57]
Using power method, to get in Eigen values X, = AX, = A X}
X, = AX' = AX, Xy, = AX, = A X"

Similarly, we can find out the corresponding Eigen values and Eigen vectors.

{[0,2] [1,3]}{[1,1]} [35]{ 2} [[0 2] [1,3]J {oﬂ ] Ez—ﬂ S

[3,5] [5’7] [0'0] [1’1] [3’5] [5’7 [1,1] [Ll]

we can find out the corresponding Eigen values [— 4, 5]

This method can be concluded that the method is
very powerful and efficient techniques in finding
In this work, Power methods have been exact solutions. It is to be noted that the solution
successfully applied to interval matrix; find the set (Eigen values and Eigen vectors) obtained by
solution of the Eigen values and Eigen vectors. this method is sharper than the other techniques.
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